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Introduction

» Goal: formalizing reversible occurrence Petri nets, and their properties in a proof assistant.

> We focus on the reversible nets of Reversing Place Transition Nets (Melgratti, Mezzina, Ulidowski).
> We prove several properties including the parabolic lemma.
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Introduction

» Goal: formalizing reversible occurrence Petri nets, and their properties in a proof assistant.

> We focus on the reversible nets of Reversing Place Transition Nets (Melgratti, Mezzina, Ulidowski).
» We prove several properties including the parabolic lemma.

» We chose Lean Prover as proof assistant.

> full programming language
» interactive theorem prover
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Net

Definitions

A net N is a tuple (o, 8,°—n, —%) Where
» « is the set of places,
» [ is the set of transitions, and

> °—n,—% : B — N are functions that assign
source and target to each transitions such
that *t # 0 and t* # 0 for all t € 5.
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Net

Definitions

A net N is a tuple (a, 8,°—n, —%) where

. structure Net (a : Type) (B8 : Type) where
>
« is the set of places, pre: B — Multiset a

1
2
» [ is the set of transitions, and 3 post: B — Multiset «
. . 4| cons_prod: V t, pre t # 0 A post t # 0
> °—n,—% : 8 — N are functions that assign

source and target to each transitions such
that *t # 0 and t* # 0 for all t € 5.
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Example
Net: N = (o, 3,°—n,—%)

Q= {a,b,c,d,e,f,g}

B = {ti,t2, t3,t4}
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Example
Net: N = (a7187.7N77;\])

a={a,b,c,d,e f,g} f'INEHH%iIl

/8 = {t13t2at3at4}

inductive Pl | a | b | ¢ | d | e | £ | g
inductive Tr | t1 | t2 | t3 | tg4

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18

19
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Example
Net: N = (a7187.7N77;\])

a = {a,b,c,d,e,f,g}

/8 = {t13t2at3at4}

Daniel Dévalos

1| inductive P1 | a | b | ¢ | d |
2 inductive Tr | t1 | to | t3 | t4
3

4| def pre; : Tr — Multiset P1

5 | t1 => {a}

6/ | tz2 => {b}

7| t3 => {d, c}

gl | tga => {c, e}

9
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Example
Net: N = (047/5:.*1\1:*;\1)

a = {a,b,c,d,e,f,g}

/8 = {t13t2at3at4}

Daniel Dévalos

1| inductive P1 | a | b | ¢ | d |
2 inductive Tr | t1 | to | t3 | t4
3

4| def pre; : Tr — Multiset P1

5 | t1 => {a}

6/ | tz2 => {b}

7 | t3 => {4, c}

8 | t4 => {c, e}

9

10 def posty Tr — Multiset P1

11 | t1 => {d}

12 | to => {e}

13 | t3 => {f}

14 | t4 => {g}
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Example
Net: N = (047/5:.*1\1:*;\1)

a={a,b,c,d,e f,g} f'INE!H%HIl

B= {ﬁ4t2,tht4} 1 inductive P1 | a | b | ¢ | d | e | £ | g
2 inductive Tr | t1 | to | t3 | t4
3
4| def pre; : Tr — Multiset P1
5 | t1 => {a}

6/ | tz2 => {b}

7 | t3 => {4, c}

8 | t4 => {c, e}

9

10 def posty : Tr — Multiset P1
11 | t1 => {d}

12 | to => {e}

13 | t3 => {f}

14 | t4 => {g}

16 def comns_prod; : V t : Tr, pre # ) A post # @ :=
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Example

Net: N = (047/5:.*1\1:*;\1)

a={a,b,c,d,e f,g} f'INE!H%HIl

B= {ﬁ4t2,tht4} 1 inductive P1 | a | b | ¢ | d | e | £ | g
2 inductive Tr | t1 | to | t3 | t4
3
4| def pre; : Tr — Multiset P1
5 | t1 => {a}

6/ | tz2 => {b}

7 | t3 => {4, c}

8 | t4 => {c, e}

9

10 def posty : Tr — Multiset P1
11 | t1 => {d}

12 | to => {e}

13 | t3 => {f}

14 | t4 => {g}

16 def comns_prod; : V t : Tr, pre # ) A post # @ :=

19 def N1 : Net Pl Tr := <prel, posti, cons_prodl)
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Petri Nets

Definition

> A marking m of a net N is a multiset
over the set of places, i.e., m € N°.

» A Petri net or marked net is a pair
(N, m) where N is a net and m is a
marking of NN.
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Petri Nets

Definition

» A marking m of a net N is a multiset
over the set of places, i.e., m € N°.

» A Petri net or marked net is a pair 1 structure MarkedNet o B extends Net a [ where
(N, m) where N is a net and m is a 2 mo : Multiset a
marking of NN.
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Example
Marked net: (N,a+b+c¢)
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Example
Marked net: (N,a+b+c¢)

1| def M1 : MarkedNet Pl Tr := (N1, {a, b, c})
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Nets

Preset and postset

Pre- and postsets for places

> Preset: *a:={t|act’}
> Postset: a® := {t|a € °t}
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Nets

Preset and postset

def preset, (N : Net a B) (p : a) : Set f :=
{t | p € N.post t}

1
2

3

4 def postset, (N : Net o B) (p : «a) : Set (B :=
5 {t | p € N.pre t}
6

7

8

9

Pre- and postsets for places

> Preset: *a:={t|act’}

def preset; (N : Net a ) (t : B3)
> Postset: a® := {t|a € °t}

N.pre t

10 def postset; (N : Net a ) (t : fB):
1 N.post t

We introduce the shortland notation e{N}}x and x e {N}} for
unified preset and postset syntax in Lean.
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Firing

Definition

> A transition t is enabled at a marking
m, denoted m[t], if °t < m.

» The firing of a enabled transition t at
m is denoted by m[t)m’ if
m =m—°t+t°.
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Firing

Definition

def is_enabled (N : Net a f3)
(m : Multiset a) (t : B) : Prop :=
> A transition t is enabled at a marking ofi} t < m

m, denoted m[t], if °t < m.

» The firing of a enabled transition t at
m is denoted by m[tym’ if
m =m—*t+t°.

is_enabled TN m t

def marking_after_firing (N: Net a f)
(m : Multiset oa) (_: m[t]{N}) :=

10 m - ofN} t + tef{N}

1
2
3
4
5 notation m "[" t "J{" N "}" =>
6
7
8
9

mfe){N}m’ if firing t (enabled by e : m[t]{N}) produces m’.
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Example
Firing: (a +b+ C)[[t;[){{N}} (d + b+ C)
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Example
Firing: (a +b+c)[t1) gny(d+b+c)

--Net N1 was building previously

lemma ety : {a, b, c}t1]{N2}:= by
unfold is_enabled preset; No Net.pre pre2
simp

©® N o g A W N e
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Example
Firing: (a+ b+ c)[t1) gny(d+b+c)

Daniel Dévalos

© N o G AW N e

--Net Ni was building previously

lemma ety : {a, b, c}ti1]{N2}:= by
unfold is_enabled preset: Ny Net.pre pre2
simp

example : {a,b,c} [ et1){N1} {d,b,c} := by
exact Multiset.add_comm ({b} + {c}) {d}
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Semantics

Firing sequence

s =ty;tp;...;t, with firing sequence
m[s)m,, defined inductively by

> mleymifn=0

> mfti)mi Amyfta;- - sta)my if n >0
s = € is the empty sequence.
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Semantics

Firing sequence

1 inductive firing_sequence : Net o 8 —
Multiset o — List B — Multiset a — Prop

s =ty;to;...;ty with firing sequence > | empty m
m[[s))mn, defined inductively by 3 firing_sequence _ m [] m
) 4| step {N : Net a B} {t} {ts}
> mfeym if n =0 . (et : m [t]{N])
> m[[t1>m1 /\ml[[tg;"' ;tn>>mn ifn>0 € (f : m [et){N} m*)
. 7 (fs : firing_sequence N m’ ts m’’):
s = ¢ is the empty sequence. 8 firing_sequence N m (t :: ts) m’’

\. J

n[s){N}m’ if the firing sequence from m through the sequence
s is produces m’.
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Example
Firing sequence: (a + b + c)[t1; to;t3)) g vy (e + )

example : {a,b,c} [ [t1, t2, t3l)) {{No} {e,f}
obtain ety : {a, b, c}t1]{N2}:=
obtain firy; : {a, b, c} [et1>{N2} {d b, c} :=
sorry

1 by
2
8
4
5)
6
7
8
9

10
11
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Example
Firing sequence: (a +b + c)[ti;to;t3) gy (e +1)

1 example : {a,b,c} [ [t1, t2, t3l)) {N2} {e,f} by
2 obtain ety : {a, b, c}t1]{N2}:=

3 obtain fir; : {a, b, c} [et1){N2} {d, b, c} :=
4 obtain etz : {d,b,c} [t2]{N2}:= ..

5 obtain firg : {d,b,c} [et2){N2} {d c,e} :=

6

7

8

9

sorry
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Example
Firing sequence: (a + b + c)[t1; to;t3)) g vy (e + )

1 example : {a,b,c} [ [t1, t2, t3l)) {N2} {e,f}
2 obtain ety : {a, b, c}t1]{N2}:=

3 obtain firy; : {a, b, c} [et1>{N2} {d b, c} :=
4 obtain etz : {d,b,c} [t2]{N2}:= ..

5 obtain firg : {d,b,c} ﬂetg){Nz} {d c,e} :=
6

7

8

9

by
obtain etz : {d,c,e}[ts]{N2} := .
obtain firsg : {d,c, e}ﬂetg){Ng} {e f} =

10
11
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Example
Firing sequence: (a + b + c)[t1; to;t3)) g vy (e + )

1 example : {a,b,c} [ [t1, t2, t3l)) {N2} {e,f}
2 obtain ety : {a, b, c}t1]{N2}:=

3 obtain firy; : {a, b, c} [et1>{N2} {d b, c} :=
4 obtain etz : {d,b,c} [t2]{N2}:= ..

5 obtain firg : {d,b,c} ﬂetg){Nz} {d c,e} :=
6

7

8

9

by

obtain etz : {d,c,e}[ts]{N2} := .
obtain firg : {d,c, e}ﬂetg){Ng} {e f} =
apply firing_sequence.step et; firj; <|
.step ety firgp <|
10 .step et3 firg <|
1 .empty {e,f}
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Occurrence nets

Causal dependency

Causal Dependency

The immediate dependency relation <gn3C
(eUB) x (U B) is defined by

{(z,y) | (y € BAz € *y)V(z € BAY € 2°)}
» Causal relation: transitive closure

_<{NH’::<¥[N}}

» Causal preorder: reflexive-transitive
closure

2gvy==<gny H(z,2) |z €U B}
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Occurrence nets

Causal dependency

Causal Dependency 1 def immediate (N: Net a f3)

(@ ®B) - (@®§) = Prop
| inl p, inr t => p € ofN} t
| inr t, inl p => p € t ofN}
| => false

The immediate dependency relation <gn3C
(@ U B) x (aU p) is defined by

=bH o=

2
3
4
5
{(z,y) | (y e Brx € y)V(x € BAYy € z*)} 6 notation 1 "< {"N"}" r => immediate N 1 r
7
» Causal relation:transitive closure z

_<HNH>:<EN} 11

» Causal preorder: reflexo-transitive 13
closure

j{[N}}::’<{[N}} U{(m’x) | T e O‘Uﬂ} 17

\
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Occurrence nets

Causal dependency

Causal Dependency

The immediate dependency relation <gn3C
(@ U B) x (aU p) is defined by

{(z,y) | (y € BAz € *y)V(z € BAYy € 2°)}
» Causal relation:transitive closure

'<{N}::<%N}}

» Causal preorder: reflexo-transitive
closure

2gvy==<gny H(z,2) |z €U B}

1

2
g
4
8
6
7
8
9

10

\

Occurrence.lean

def immediate (N: Net a f3)
(2 ®B) = (a®f) — Prop
| inl p, inr t => p € ofN} t
| inr t, inl p => p € t ofN}
| => false

notation 1 "< {"N"}" r => immediate N 1 r
def causal (N : Net a f)
(a®B) = (a®B) — Prop :=
TransGen (immediate N)
notation 1 "< {"N"}" r => causal TN 1 r
def preorder (N : Net «a )
(a®pB) > (a®B) = Prop :=

ReflTransGen (immediate N)

notation 1 "X {"N"} "r => preorder TN 1 r
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Occurrence net

Conflict

>

Daniel Dévalos

Two different transitions ¢
and t’ are in immediate
conflict if *t N *t' # 0, we
denote t#qt.

z,y € aUS are in
conflict if there are
transitions ¢,t’ such that:
t <z, t' <y and t#ot’.

A Lean Mechanization of Reversible Occurrence Nets
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Occurrence net
Conflict

Occurrence.lean

def immediate_conflict (N : Net a B8) (t t’ : ) : Prop :=
t #t’ A - (Disjoint (ef{N} t) (e{N} t’))

» Two different transitions ¢
and t’ are in immediate
conflict if *t Nt # 0, we
denote t#qt.

1
2
3
4 notation 1 "#of" N "}" r => immediate_conflict TN 1 r
> x.y€aUf arein 5

6| def conflict (N : Net a ) (xy : o« @ ) : Prop :=

7
8
9

conflict if there are 3t t’ : B, inr t 2N} x A inr t’ <{N} y A t #ofN} t°

transitions t,t’ such that:

t <z, t' Xy and t#ot’. notation 1 "#{" N "}" r => conflict N 1 r
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Occurrence net

We recall the definition of occurrence nets

Occurrence net

A marked net (N, my) is an occurrence
net if it satisfies the following state-
ments:

1. N is acyclic;

2. there is no self-conflict, i.e.,
—(t#gnyt) for all transition t;

3. there is no backward conflict;

4. N is 1-safe, i.e., marking is a set;

5. the initial marking is the set of
initial places, i.e., mg is minimal.
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Occurrence net

We recall the definition of occurrence nets

Occurrence net

A marked net (N, myg) is an occurrence
net if it satisfies the following state-
ments:

1. N is acyclic;

2. there is no self-conflict, i.e.,
—(t#gnyt) for all transition t;

3. there is no backward conflict;

4. N is 1-safe, i.e., marking is a set;

5. the initial marking is the set of
initial places, i.e., mg is minimal.
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Occurrence

Occurrence net (redefined)

A marked net (N, myg) is an occurrence
net if it satisfies the following state-
ments:

1. N is acyclic;

2. there is no self-conflict, i.e.,
—(t#t) for all transition t;

3. there is no backward conflict;

4. for every transition t, et and te
are sets.

5. the initial marking is the set of
initial places, i.e., mg is minimal.
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Occurrence

Occurrence net (redefined)

A marked net (N, my) is an occurrence
net if it satisfies the following state-
ments:

1. N is acyclic;

2. there is no self-conflict, i.e.,
—(t#t) for all transition t;

3. there is no backward conflict;
4. for every transition t, et and te
are sets.

5. the initial marking is the set of
initial places, i.e., mg is minimal.

Occurrence.lean

1 structure is_occurrence (N

2 acyclicity acyclic N

3 no_self_conflict

4 vV t : B, -inr t #{N} inr t

5 no_backward_conflict

6 V a : a, —backward_conflict N a
7 set_preset

8 vVt : B, Nodup (e{N} t)

9 set_postset

10 vV t : B, Nodup (t e{N})

12 structure is_marked_occurrence (M
MarkedNet o f3) Prop where

13 occurrence is_occurrence M.tolNet
14 initial_set Nodup M.mg
15 inital_minimal V {x}, x € M.mg — x €

minimal M.toNet

Daniel Dévalos

Net a B) where
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Occurrence

Occurrence.lean

1| /-- This def. is 4in Nets.lean file -/

> def safe (M : MarkedNet a () : Prop :=

3 Vm, M ~» m— Nodup m

4

5 theorem occ_net_safe (MO : is_marked_occurrence M) : safe M

M ~» mis true if m € reach(M).
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Reversing nets

How do you obtain a reversible net?

Reversible net
==>

to
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Reversing nets
Transition Type
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Reversing nets
Transition Type
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Reversing nets
Transition Type

t

(b, fwd)
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Reversing nets
Transition Type

t = (b, fwd)

ReversibleOccurrence.lean

1| inductive TransitionType
2| | fwd : TransitionType
-7 3/ | bwd : TransitionType
’,” 4
- k»’ 5| abbrev Transition (8 : Type) :=
T BxTransitionType
¥ = (b, bwd)
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Reversing nets

Definition

A reversible occurrence net is a net
N=(a,fW{¥ |tepB},*_ _*) defined
by the following conditions:
L. (o, B3,(°_)3, (")) is an occurrence
net, where f|g denotes the restriction
of the function f to the domain §.

2.Vt 3, t=t" At ="t
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Reversing nets

Definition

A reversible occurrence net is a net
N=(a,pu{t |tep},*_,_*) defined
by the following conditions:
L. (o, B,(°_)5, (")) is an occurrence
net, where f‘ﬁ denotes the restriction
of the function f to the domain (.

2. V3, st =t At® ="t

ReversibleOccurrence.lean <

1 structure Reversible a f

2 extends Net a (Transition () where
3 welldef (t t’ : Transition f3)

4 t «—— t’ — ef{toNet}}t = t’ef{toNet}}

o

6 structure ReversibleOccurrence a [ extends
Reversible a [ where

7 isOccurrence

8 is_occurrence (fwd_subnet toNet)

10| structure MarkedReversibleOccurrence a 8
extends Reversible a [ where

11 mg : Multiset «
12 isFwdMarkedOcurrence
13 is_marked_occurrence (fwd_subnet toNet, mg)

» fwd_subnet: is the function that take a net of type
N:a (BxTransitionType) and return their forward net.
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Trace Equivalence

Equivalence on firing sequences:
the smallest congruence < on
transition sequences closed
under the following rules:

(i) t;t' <t/;tiftcot!,

. —

(i) t; t <e¢, and

L
(i) t;t=e.
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Trace Equivalence

The equivalent firing sequences,
is the smallest congruence < on
transition sequences closed
under the following rules:

(i) ;¢ <t;tiftecot!,
(ii) ¢ = €, and
(i) ¥it=e.

Daniel Dévalos

Equivalence.lean

inductive TrEq (R Reversible a f)
List (Transition ) — List (Tramnsition () — Prop

| swap (B ®° Transition ) —
Disjoint (te{R}) (efR} t’) — Disjoint (t’e{R}) (efR} t) —
TrEq R [t, t’] [t’, t]
| cancy (B ®° Transition ) — t «—— t’ —
TrEq R [t, t’] []
| canc, (t t° Transition ) — t «—— t’ —
TrEq R [1 [t, t’]

notation:50 s1:51 "< {" R "} " s2:51 => TrEq R s; s2

/--We omit the proofs that X is an equivalence relation.-/

lemma TrEq_congruence (h s1 < {R} s2) (h’ sz < {R} sa)

(s1 ++ s3) < {R} (s2 ++ s4)
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Parabolic lemma

Formal statement

Lemma (Parabolic)

Let R be a reversible occurrence net, m a reachable marking, and m[w)) g rym’ a firing sequence. Then there
exist two sequences of transitions, w' and w', such that w' consists only of backward transitions, w'' consists

only of forward transitions, w <gpy w';w”, and m[w'; ")) g rym’.
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Parabolic lemma

Parabolic.lean

1 variable {RO : ReversibleOccurrence a (%}

2

3 def parabolic_decomp (s s’ s’’ : List (Transition ()) (m m’ : Multiset a) :=
4 s’ A s’ A m [ ++s”"){R0} m> A s < {RO.toReversible} (s’ ++ s’7)

5

6 theorem parabolic (MO : MarkedReversibleOccurrence « [3)

7 (rr : (MO.toNet, MO.mgp)~ m) (fs : m [s){MO} m’)

8 3 s’ s’’, parabolic_decomp (RO := marked_RO_to_RO MO) s s’ s’’’ m m’

9 induction fs with

10 | @empty m =>

11 exists [], []; simp_all [parabolic_decomp, all_backward, all_forward]
12 exact (.empty m, TrEq_refl [])

13 | @step t fs’ m m; _ et f _ IH =>

14 .« e

15 by_cases h : isBwd t

16 - ... /-- Case h : <4t -/

17 - ... /-- Case h : =<4t -/
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Overview of the formalization

This library contains the fully formalized of the theory of reversible Petri nets with causally consistent
reversibility. The main folder (PetriNet) is organized as follow files .lean:

m<E ol J/L Equi?ence )

(Rever5|ble0ccurrence —>[ Swappmg

MultisetAux

Lines of code | def lemma theorem
>28k |62 136 14
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Overview of the formalization

Blueprint and documentation

» Open repository available at: github.com/
danieldavalos93/reversible-occ-nets.

» Lean version: 4.30.0
» Mathlib version: v4.30.0

» Blueprint:
> website
> pdf

» Documentation:
» website

» Dependency graph
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github.com/danieldavalos93/reversible-occ-nets
github.com/danieldavalos93/reversible-occ-nets

Conclusion and future works

Our contribution:

» First mechanization of reversible Petri nets on Lean Prover.

» We mechanize key results, including the backtracking, loop and parabolic lemmas.
Scenarios for future extensions:

» Colored Petri net.

» Probabilistic models for reversible nets.

» Reversible and concurrent models of quantum computing.
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Thank you!
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Trace Equivalence

Disjoint implies concurrence

A =0=°Yn=0
SV = T A <A tot!
= (t#t)
=St YA L) A(t#) =t cot!
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Reversing nets

Reverse and Inverse definitions

ReversibleOccurrence.lean

1 def opposite (tt : TransitionType)
2 TransitionType :=
3 match tt with
4 | fwd => bwd
. bwd if ¢t = fwd _
> OppOSIte(tt) — ] 5 | bwd => fwd
fwd if t; = bwd 6
- 7 def reverse (t : Transition () : Transition [ :=

> Reverse: ¢ = (m(t),opposite(ma(t)) | @  (t-fst, opposite (t.snd))

9

o~
» Inverse: t ——t' ifand only if t=1¢' |1 prefix:300 "< " => reverse
11

12 def inverse (t t’ : Tramnsition ) : Prop :=
13 t = —t’

15 notation:300 1:300 "<—— " r:301 => inverse 1 r
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Backward conflict

a € « is in backward conflict over a net N if there are two different transitions ¢, ¢’ such that ¢ < a and ¢ < a.
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Parabolic lemma

Swapping lemma instead square lemma

Swapping.lean

def no_rev_in_list (t : Transition ) (ls : List (Transition f[)) :=
Vt> e ls, 7(t «— t?)

infix:50 " ¢" " => no_rev_in_list

lemma swapping [DecidableEq al (MO : MarkedReversibleOccurrence a f3)
(rr : (MO.toNet, MO.mg) ~ m)
(bw : <<s) (ft : pt) (mrev : t ¢" s)
(fs : m [[t]++sP{M0} m’) : m [s++[N{MO} m’> :=

1
2
3
4
5
6
7
8
9

» p>t: t is a forward transition

> J<ds: s is a list containing only backward transitions
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