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Preamble: QSP Circuit Design

vQc
B Variational Approaches a1
® low-depth circuit ansatz Ugsp(©) ) taroet — — Gos6(0) _ g
® non-convex optimization ] e
® |ocal minima, barren plateaus “pdl;f;;(_;'f””"

. - ! training
B Exact Synthesis Methods
® circuit for entire Ugsp(P)
® exponential growth of parameters

0)e" — Ugsp(®) — [) = X, cili)
® rapidly increasing circuit depth

QSP traditional framework + SRBB = transition “variational to exact”

® no increase in depth/gate count compared to V-SRBB

® no optimization-induced limitations

® same expressive structure (complete basis for su(2"))
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Gate Synthesis Tools

Uniformly Controlled Gate (UCG) Standard Recursive Block Basis (SRBB)

n =1 01, ..., 0an) € RY" ZB T4 1085 ¢ y(2n

FLu@l=@f, | Grefe) € XT R ILL e e Ul
. SRBB —

U = 65 R (8 Ry (1) Ro() (USREE = T1, Z1(©2)V1(©w)/(O0)

[R.S.Sarkar et al., arXiv:2405.00012]

®(0a) ¥(Oy) Z(0z)

n

ten 1)
CNOT, Depthy ~ ©(2")

Historical Framework for U; € SU(2)
® single-layer Lie-based QNN
[oyen Unod ) ® CNOT-optimization
Paper: Quantum 10 (2026)
’ UCG synthesis + BST diagram ‘ GitHub: gslab-unipr/srbb-synthesis



https://quantum-journal.org/papers/q-2026-03-20-2034/pdf/
https://github.com/qslab-unipr/srbb-synthesis
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diagonal UCG exact baseline
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variational
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OSUN

exact UCG
via Z(ez)

transition

variational
to exact
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Exact QSP with Ancillae: SUN
E-SRBB
depth / O(-) )
© Upper bound in (251 (27] [X.Sun et al., arXiv:2108.06150]
n2" @ @ Upper bound in [22]
® Upper bound in [30] ® Optimal width-depth bounds
2" - Our upper bound X
— Our lower bound ° A-Opefator in5 stages
£ . n
" optimal depth  depth  optimal depth ® ancillae m € [2n, 27]
o "i"m) O(nlogn) O(n)

Dy = O(log, m + %)
Wi = O(2™)

Q(n)

nlogn|..
n("

0 nll% n% 2" ¢ ancillary qubits / O(-) Paper: Springer RC25
GitHub: gslab-unipr/qgsp-sun

U(2)-block UCG — -
decomposition o |

n input

AP (5% AP () AD (G, 5

[ Ry(5) = 5H Ry(y) 18t |_|] -

|UCG — 3- UCR, — 3A | w2 -



https://link.springer.com/chapter/10.1007/978-3-031-97063-4_4
https://github.com/qslab-unipr/qsp-sun
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Approximate QSP: V-SRBB )

Quantum Neural Network

designed on diagonal SRBB C_;itHub:
gslab-unipr/aquaman-sp
CNOT-optimized Z-factor

m ] e ® Diagonal SU(2") generators
[¥)target — —1 VQCimod(0z) —— VQCpra(¥z) ~— — [¢) .
' o Sl ® Modularity by Z-factor
' ' ' 2
AREEEEEEERER e 0.0 ; ® Dqsp(n)=6-2"— "33

training
7777777777777 e N =32-n-3
L NCNOT(n) =3.2"-2n—-4

Z7EPP e sU 25598 e SU
gate set change imes \ T

Ry(v) = SH- R, (v;) - HST

Z3EBB e SU - —

|UCG - 1- UCR, — 257"



https://github.com/qslab-unipr/aquaman-sp/tree/main
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From QNN to Exact QSP: E-SRBB

Circuit for SRBB Insertion

V-SRBB

aEnesy o AETesy Lie Map Inversion
! B Ml — 50
. mod mod
Z8RPB ¢ 5U [ —
L M _ g
M x phase phase

First SRBB-driven exact synthesis of diagonal UCG‘

Mapping to Z-circuit

Gray n=2 | Element Gray n=3 [ Element
n =2 Z-factor circuit
0 0 0
0 0 1 ‘
0 - 0 1 1 Uw
1 Us 0 1 0o [ Us
T 1 [ T 1 0 Uss
1 0 Us 1 1 1 Uss
1 0 1 Uss
1 0 0 Uz
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Finding Exact Parameters (level k = 2)

Linear systems for each level k

[SRBB] U;;l)_l € su(4) diagonal basis MO — B

'mod — “'mod
i(03+05+015) 0 0 0
0 ei(—0a+0s—015) 0 0 _ (R.(2m) 0 _
U6z) = 0 0 €i(0s=05=015) 0 = ( 0 R.(27))
0 0 0 ei(—03—0s+015)
M1 +1 M4
M =
H Decimal | Binary | String ‘ Matrix ‘ Element H Mkf]_ —1 _Mkfl
1 01 I, ® o3 | diag(1,-1,1,-1) 3
2 10 o3® I | diag(1,1,-1,-1) 8 . . .
3 1 | ovoos | ding(l1o11) | 15 Solution: only M,_; is necessary
(a) Pauli string representation for 7z elements.
0 R.(0s)
031 05 | 015
1 R.(615) R.(6) Ak
e

(b) Z-factor circuit for n = 2. ST
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Testing E-SRBB

Simulation results for specific quantum states

n Tst‘;'(‘ Fidelity Depth | CNOT| R, R. cmTli::i ©
Belld, | 1-3x10"1° | 8 2 1 33

o [ Bell®— [100+0(10°°) | 12 4 7 7.02 %107

Bl U, | 1-3x10 © 3 2 1 688 x 10

GitHub: qslab-unipr/eqsp-srbb Bell W_ | 1.00+0(1071%) | 12 1 7 7.29 x 1074

GHZ 9x10 10 LS x 107

3 W 1-2x10"% | 19 8 n 110 x 1073

Dicke | 1-2x10 1° LIS x 107

GHZ | 1-2x107° 219 % 109

4 W 1-2x1071° 45 22 26 214 %1073

Dicke | 1-2x10 1° 212x 107

Simulation results for a sample of 20 random states with complex amplitudes

n | e | AT 8 [ oo [ovor [ mn [ QT
7 dense 1-2x 10710 716 366 374 1.16 x 1072
8 dense 1-3x10"%® 1473 748 757 2.50 x 1072
9 dense 1-3x107"° 2997 1514 1524 4.79 x 1072
10| dense 1-3x107"° 6056 3048 3059 9.28 x 1072
11 dense 1-6x10"1° 12186 6118 6130 1.64 x 1071
19| dense 1-3x1071'® 24459 12260 12273 2.75 x 10~



https://github.com/qslab-unipr/eqsp-srbb
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Overall Evaluation

|-[~e=MOTT (original, PennyLane)
—+ EQSP (SRBB)
—+—SUN (original, 3 Ax)
~=- OSUN (optimized, 1 Ay)

2 3 4 5 6 7 8 9 10

Number of qubits, n

-10*

T T T
[ |—e=MOTT (original, PennyLane)
—+—EQSP (SRBB)
——SUN (original, 3 Ay)

—#— OSUN (optimized, 1 Ay)

2 3 4 5 6 7 8 9 10

Number of qubits, n

e
e}
Z
o

jons - Phase Shi

101
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——MOTT (original, PennyLane)
——EQSP (SRBB)

L17|—+—SUN (original, 3 Ay,)

—=— OSUN (optimized, 1 Ay)

2 3 4 5 6 7

Number of qubits, n

—e— MOTT (original, PennyLane)
—+—EQSP (SRBB)

|| ——SUN (original, 3 Ay)

~= OSUN (optimized, 1 Ay)

2 3 4 5 6 7

Number of qubits, n
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Complete Map and Future Directions

Edge SRBB

® QNN parallelization
® Sparse states reduction

® New variational metrics

® Graphical Linear Algebra

(@51 Eqge SUN

® Extended ancillary range

® No-ancillae version
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Complete Map and Future Directions

@ Link SRBB<«-SUN

® SRBB with ancillae
® UCG post Gray-Code
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Complete Map and Future Directions

Link SRBB«++>SUN

® Fault tolerant gate set

® Connectivity constraints
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Thank Youl

{giacomo.belli | michele.amoretti}@unipr.it

https://www.qgslab.unipr.it/
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= only the first
column is relevant

= recursive pattern
on the first column

as - ap - ap

bs - ay - ap

ag by -ag
by by - ag
as - as - by

Un bs - a3 - by

ag - by - by
bg by - bo

by = sin; - ¢i(es

—

(a

—

Y

Example for n = 3

a; = cosy; - €@ =Fi=0)
+8;=05)

“~ /\5,2) = BST diagram

,5,5) “~ /\9),/\23) = linear system
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Parameter computation - Part 2

BST diagram for magnitudes
[¥) = c0|00) + c1|01) + c2|10) + c3|11)

AN

Vieol? +lai]? Vleal* + Jeal?

S/ % S/ %

‘00‘874’“ |51|5m] ‘02‘61‘,@ |C3|e“°“

0) —| Ry(270)

0)

_ lco[?+]c1|?
~o = arccos 1/ I

| 2

|co
— arccos —
n [ol2+e?

Linear system
for complex phases

First column: phase parameters
1
Qj <> X
Bj Y
5j <z
i\
2" X n real matrix

1

3. (2" —1) — 2" free parameters
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CNOT-optimized Z-factor (n > 3)

Diagonal elements: ¢, = {j2 — 1, 2 <j < 2"}. Example for n = 3:

Position || 1°q [ 2°q | 3°q [ Element | m | m’ g pr— =
T 0 0 7 T 3 Ta e [ra | e T 27 g Taeq | Flement
2 0 1 0 Us 2 0 0 -
3 0 1 1 Us | 3] 2 0] 0|1 Uy
4 110 o0 Usy 1 0o | o ‘ o | 1|1 U
5 1 0 1 Uss 31 1 0 0|1 0] 1]o -
6 1] 1o Us |21 N I | I -
- g 1 0 1 1 1 Uss
7 1 1 1 Uss 3112 H o 1 o
‘ 1 lolo -

Figure: CNOT-simplification (red) Figure: Simplifications (red) coming from
for the sub-sequence Ujs — Uss. new contributions only.

[G. Belli et al., IEEE QCE24, Vol. 02. 49-54, 2024]
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CNOT-optimized Z-factor (n = 3)

n = 2 Z-factor circuit

N

e}

fany

%

I:/:E|

S

ﬁ [‘ﬂ
S S

Gray Code scalable Z-factor circuit

® The general case n is composed by two blocks
® First block (scalable): Gray Code pattern encoding the optimal ordering

® Second block (recursive): Z-factor circuit for the case n — 1

[G. Belli et al., IEEE QCE24, Vol. 02. 49-54, 2024]
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Testing V-SRBB

Isometry 1) — @)
Paper: arXiv:2503.13647 Error Error
n
. : Adam+F NM
GitHub: gslab-unipr/aquaman-sp (Adam+F)| _(NM)
2 ~ 1071 |~ 107
3 ~ 1078 |~ 1071
HPC Simulation for Random Qu States 4 || ~107® -
Time Error Error Time Error 5 ~ 1074 -
(Adam) | (Adam+F)| (Adam+T)| (NM) (NM) 6 ~ 10— _
2 ~9m | ~10°% ~ 1073 ~2s | ~ 10710 7 ~ 1073
3 ~16m | ~ 1071 ~ 1073 ~ 30s ~ 1071
© Quantum States on Real IQM Hardware
4 ~ 33 ~ 1071 ~ 1073 ~9 ~ 10710
4 m i m ot Tcllinger | Hellinger
5 ~1h | ~107 | ~10°3 - - o pte n | distance | distance
on T 10 - - , (Deneb) | (Garnet)
7 ~ 5h ~ 1073 ~ 1073 - _ Bell 2 ~0.13 ~0.12
~ 11h ~ 1073 ~ 1073 - _ (%‘ 0, %, 0) 2 ~0.04 ~ 0.09
GLL D 2 ~0.01 ~0.01
Tsomelry [9) — |#) on Real Hardware (shots) GHZ 3 ~0.38 ~0.31
Rigetti Rigetti Rigetti QM TonQ
Ankaa-3 Ankaa-3 Ankaa-3 Garnet Fortel dense, uniform 3 o1 006
(1024) (4096) (8192) (1024) (1024) PR : : :
~02 ~0.19 ~0.19 ~ 0.06 ~0.05 S
3 ~ 0.6 ~ 052 ~ 051 ~ 04 ~0.09 dense, uniform 4 ~027 014
I ~06 ~ 055 ~06 ~0.44 ~0.19 o= L ’ ’
v
(34 £.0,..0) 4 ~0.33 ~0.32



https://arxiv.org/abs/2503.13647
https://github.com/qslab-unipr/aquaman-sp/tree/main

	Introduction
	Gate Synthesis Tools

	Map: variational  exact
	SUN
	V-SRBB
	E-SRBB

	Future Work
	Appendix

